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Abstract
Noncommutativity in an open bosonic string moving in the presence of a background
Neveu-Schwarz two-form field Bµν is investigated in a conformal field theory approach, lead-
ing to noncommutativity at the boundaries. In contrast to several discussions, in which
boundary conditions are taken as Dirac constraints, we first obtain the mode algebra by
using the newly proposed normal ordering, which satisfies both equations of motion and
boundary conditions. Using these the commutator among the string coordinates is obtained.
Interestingly, this new normal ordering yields the same algebra between the modes as the
one satisfying only the equations of motion. In this approach, we find that noncommuta-
tivity originates more transparently and our results match with the existing results in the
literature.
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1 Introduction
Noncommutative(NC) theories has a long history in physics [1] and has kindled a lot of interest
in the past few years owing to the inspiration from string theory [2, 3]. Recent progress in
string theory indicates that an open string moving in the presence of a background Neveu-
Schwarz two form field Bµν , leads to a NC structure [4, 5, 6, 7, 8, 9, 10, 11]. This structure
manifests in the noncommutativity in the space-time coordinates of D-branes, where the end
points of the open string are attached. Furthermore, this fact reveals the nontrivial role of
boundary conditions(BC) in string theory and the importance of taking them into account when
considering the quantisation of open strings. Several approaches have been taken to obtain such
results, for example a Dirac approach [12] is employed with the string BC(s) imposed as second
class constraints in [13, 14]. In a series of recent papers involving bosonic strings [7], bosonic
membrane [15] and superstrings [16], it has also been shown explicitly that noncommutativity
can be obtained by modifying the canonical bracket structure, so that it is compatible with
the BC(s). This is done in spirit to the treatment of Hanson et.al [17], where modified Poisson
brackets (PBs) were obtained for the free Nambu-Goto string. Proceeding further Jing and
Long [18] obtained the PBs among the Fourier components using the Faddeev-Jackiw symplectic
formalism [19], so that they are compatible with these BCs. Using this they obtained the PBs
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among the open string coordinates revealing the NC structure in the string end points. It
is important to note that all these analysis were essentially confined to the classical level. It
would thus be quite interesting to study whether this NC structure can also be obtained from
the conformal field theory techniques where the analysis is carried out in a quantum setting.
Indeed, as has been stressed in [2] that it is very important to understand this noncommutativity
from different perspectives. More importantly, it is necessary to check explicitly whether the
central charge gets effected by the modified BCs in this case, as the central charge can be related
to the Casimir energy arising from finite size of the string and is a purely quantum effect [20].
It may be recalled in this context that in quantum field theory, products of quantum fields
at the same space-time points are in general singular objects. The same thing is true in string
theory when one multiplies position operators, that can be taken as conformal fields on the
world sheet. This situation is well known and one can remove the singular part of the operator
products by defining normal ordered operators which have well behaved properties [20]. This
is important, for example, when one builds up the generators of conformal transformations and
investigates the realization of classical symmetries at quantum level.
Usually normal ordered products of operators are defined so as to satisfy the classical equa-
tions of motion at quantum level. However, in a recent paper [21], new normal ordered products
have been defined for open string position operators that additionally satisfy the BCs. This
way one obtains a normal ordering that is also valid at string end points. The mathemat-
ical problem posed by defining the normal ordering is related to that of calculating Green’s
functions[22, 23, 24, 25]. The normal ordered product is defined by subtracting out the cor-
responding Green’s functions. So we can find normal ordered products satisfying open string
boundary condition using the solutions to open string Green’s functions.
In this paper, we shall consider the problem of noncommutativity using this new normal
ordering given in [21]. By using the contour argument and the new XX operator product
expansion (OPE),we shall find the commutator among the Fourier components firstly and then
the commutation relations among string’s coordinates which reproduces the noncommutative
structure obtained in [7] and also in [18], as mentioned earlier. We would also like to stress that
the above commutator computed using the XX OPE satisfying the equation of motion only
[20] (where the modifications due to BCs are not taken into account) also leads to the same
NC structure. In contrast to earlier works in this direction as referred above, this method does
not require the BC(s) to be treated as Dirac constraints, hence the advantage of this method
is that one need not know all the constraint chains by the consistency requirements. Further
the classification of the constraints into the so called primary or secondary, the first class or the
second class is also not required.
The organisation of this paper is as follows. In section 2, we review the recent results involving
new normal ordered products in [21] and also give new compact forms of the normal ordered
products. These compact forms differ in structure from those given in [20], as the BCs are now
taken into account. Here we also observe that the central charge undergoes no modification,
despite incorporating the BC in normal ordering. This is reassuring, as this does not affect the
critical dimension D = 26 of the bosonic string. In sec 3, we study the symplectic structure of
both free and interacting string using our method (borrowing relevant results from section 2).
Finally, we conclude in section 4.
2 New Normal ordered products
Let us first consider the free Polyakov string action,
SP = −
1
4πα′
∫
Σ
dτdσ
(
Gabηµν∂aX
µ∂bX
ν + ǫabBµν∂aX
µ∂bX
ν
)
(1)
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where τ, σ are the usual world-sheet parameters, Gab is the induced world-sheet metric with
Gττ = −1, Gσσ = 1 (upto a Weyl factor) in conformal gauge and the antisymmetric tensor is
chosen by ǫτσ = 1. Xµ(τ, σ) are the string coordinates in the D dimensional Minkowskian target
space with metric ηµν = (−1, 1, ...., 1).
We now make a Wick rotation by defining σ2 = iτ and obtain the classical action for a
bosonic string taking a world-sheet with Euclidean signature:
S =
1
4πα′
∫
Σ
d2σ
(
gabηµν∂aX
µ∂bX
ν + i εabBµν∂aX
µ∂bX
ν
)
(2)
where gab can now be taken to be proportional to the unit matrix and ε12 = −ε21 = 1. Note
that the D dimensional target space-time still has the Lorentzian signature.
The variation of the action (2) gives the equation of motion,
( ∂21 + ∂
2
2 )X
µ = 0 (3)
and a boundary term that yields the following BCs:(
∂1X
µ(σ1, σ2) + iBµν∂2X
ν(σ1, σ2)
)
|σ=0,pi = 0. (4)
It is convenient, to introduce complex world sheet coordinates [20]: z = σ1+ iσ2 ; z¯ = σ1− iσ2
and ∂z =
1
2
(∂1 − i∂2), ∂z¯ =
1
2
(∂1 + i∂2).
In this notation the action is
S =
1
2πα′
∫
d2z
(
∂zX
µ∂z¯Xµ −Bµν∂zX
µ∂z¯X
ν
)
(5)
while the classical equations of motion and boundary conditions take the form
∂z¯∂zX
µ(z, z¯) = 0 (6)[
ηµν
(
∂z + ∂z¯
)
−Bµν
(
∂z − ∂z¯
)]
Xν |z=−z¯, 2pi−z¯ = 0 (7)
We now study the properties of quantum operators, corresponding to the classical variables, by
considering the expectation values. Defining the expectation value of an operator F as[20]:
〈F [X]〉 =
∫
[dX] exp(−S[X])F [X] (8)
and using the fact that the path integral of a total derivative vanishes one finds:
0 =
∫
[dX]
δ
δXν (z′, z¯′)
exp(−S[X]) =
〈 1
πα′
∂z¯′∂z′Xν(z
′, z¯′)
〉
+
1
2πα′
∮
∂Σ
δ2(z − z′)
〈(
ηνµ(∂z + ∂z¯) +Bνµ(∂z − ∂z¯)
)
Xµ(z, z¯)
〉
dz. (9)
The last (singular) term is integrated over the boundary, where dz = −dz¯. We thus find that
this equation implies that both string equations of motion and boundary condition hold as
expectation values. So the corresponding quantum position operators Xˆµ (in target space)
satisfy (as long as they are not multiplied by other local operators coincident at the same world-
sheet point) the following equations:
∂z¯∂zXˆ
ν(z, z¯) = 0 (10)(
ηνµ(∂z + ∂z¯)−Bνµ(∂z − ∂z¯)
)
Xˆµ|z=−z¯, 2pi−z¯ = 0 (11)
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which are nothing but the quantum version of (6, 7). Proceeding in the same way, we can
consider a pair of local operators which may now be coincident to show that their products at
the quantum level satisfy[21] :
∂z¯′∂z′Xˆ
µ(z′, z¯′)Xˆν(z′′, z¯′′) = −πα′ ηµν δ2(z′ − z′′, z¯′ − z¯′′) (12)(
ηνµ(∂z′ + ∂z¯′)−Bνµ(∂z′ − ∂z¯′)
)
Xˆµ(z′, z¯′)Xˆρ(z′′, z¯′′)|
Bound.
= 0 (13)
where we have considered a pair of local operators. Now if we introduce the operation of normal
ordering in the standard way[20],
: Xˆµ(z, z¯) : = Xˆµ(z, z¯)
: Xˆµ(z, z¯) Xˆν(z′, z¯′) : = Xˆµ(z, z¯) Xˆν(z′, z¯′) +
α′
2
ηµν ln|z − z′|2 (14)
it satisfies the equation of motion (6) at the quantum level, but fails to satisfy the boundary
conditions (7). In [21], the authors have introduced a different kind of normal ordered product
satisfying both equation of motion and boundary conditions.
At this point it is more convenient to choose world sheet coordinates, related to these z
coordinates by conformal transformation, that simplify the representation of the boundary,
ω = exp (−iz) = e−iσ
1+σ2 ; ω¯ = eiσ
1+σ2 . (15)
In this present coordinates the complete boundary corresponds just to the region ω = ω¯. On
the other hand, the action (5) along with equation of motion (10) in terms of ω, ω¯ has still the
same form, while the form of BCs are slightly altered:
∂ω¯∂ωXˆ
µ(ω, ω¯) = 0 (16)(
ηµν(∂ω − ∂ω¯)−Bµν(∂ω + ∂ω¯)
)
Xˆν |ω=ω¯ = 0 . (17)
The corresponding new normal ordering is given by [21]:
: Xˆµ(ω, ω¯) Xˆν(ω′, ω¯′) : = Xˆµ(ω, ω¯) Xˆν(ω′, ω¯′) +
α′
2
ηµν ln|ω − ω′|2 +
α′
2
(
[η −B]−1 [η +B]
)µν
ln
(
ω − ω¯′
)
+
α′
2
(
[η −B] [η +B]−1
)µν
ln(ω¯ − ω′) (18)
which satisfy both equation of motion and open string BCs (16, 17) at the quantum level. These
additional terms can be understood easily as ‘image’ contribution as in electrostatics.
Now for any arbitary functional F [X], the new normal ordering (in absence of the B field)
can be compactly written as:
:F : = exp
(
α′
4
∫
d2ω1d
2ω2
[
ln|ω1 − ω2|
2 + ln|ω1 − ω¯2|
2
] δ
δXµ(ω1, ω¯1)
δ
δXµ(ω2, ω¯2)
)
F . (19)
For example, this reproduces correctly the expression given in (18), as one can easily verify for
B = 0.
The OPE for any pair of operators, satisfying the BCs, can be generated from
:F : :G : = exp
(
α′
4
∫
d2ω1d
2ω2
[
ln|ω1 − ω2|
2 + ln|ω1 − ω¯2|
2
] δ
δXµ(ω1, ω¯1)
δ
δXµ(ω2, ω¯2)
)
:F G :.(20)
It is now easy to verify that the TT OPE involving energy-momentum tensor
T (ω) = −
1
α′
: ∂Xµ(ω)∂Xµ(ω) : (21)
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undergoes no modification. Indeed, using the above definition we obtain the following OPE:
: ∂Xµ(ω) ∂Xµ(ω) : : ∂
′Xν(ω′) ∂′Xν(ω′) : = : ∂Xµ(ω) ∂Xµ(ω) ∂′Xν(ω′) ∂′Xν(ω′) :
−4 ·
α′
2
(
∂∂′ln|ω − ω′|2
)
: ∂Xµ(ω) ∂′Xν(ω′) :
+2 · δµµ
(
α′
2
∂∂′ln|ω − ω′|2
)2
∼
Dα′2
2 (ω − ω′)4
−
2α′
(ω − ω′)2
: ∂′Xµ(ω′) ∂′Xµ(ω′) :
−
2α′
(ω − ω′)
∂′2Xµ(ω′) ∂′Xµ(ω′) : (22)
where ∼ mean ‘equal upto nonsingular terms’. The above result is same as that of ([20]) which
is obtained by using the usual normal ordering satisfying the equation of motion only. This also
implies that the Virasoro algebra remains the same as that of ([20]). So the new normal ordering
(18) (with B = 0) has no impact on the central charge.
We shall make use of the results discussed here in the next section where we study both free
and interacting open bosonic strings.
3 Mode expansions and Non-Commutativity for bosonic strings
3.1 Free open strings
In this section, we consider the mode expansions of free (Bµν = 0) bosonic strings. We start
with the closed string first. In the Xµ theory (5), ∂Xµ and ∂¯Xµ are (anti)holomorphic and so
have the following Laurent expansions,
∂Xµ(ω) = −i
(
α′
2
) 1
2
∞∑
m=−∞
αµm
ωm+1
∂¯Xµ(ω¯) = −i
(
α′
2
) 1
2
∞∑
m=−∞
α˜µm
ω¯m+1
. (23)
Now the Neumann BC(s) (17) in case of free open strings (i.e. Bµν = 0) requires α = α˜ in the
expansions (23). The expansion for Xµ is then:
Xµ(ω, ω¯) = xµ − iα′pµln|ω|2 + i
(
α′
2
) 1
2 ∑
m6=0
αµm
m
(
ω−m + ω¯−m
)
(24)
where, xµ and pµ = 1√
2α′
α
µ
0 are the centre of mass coordinate and momentum respectively.
Now the expressions (23) for open strings can be equivalently written as:
αµm =
(
2
α′
) 1
2
∮
dω
2π
ωm∂Xµ(ω) =
∮
dω
2πi
jµm(ω) (25)
where, jµm(ω) =
√
2
α′
i ωm∂Xµ(ω) is the corresponding holomorphic current. The commutation
relation between α’s can be worked out from the contour argument and the X X OPE1[20],
[αµm, α
ν
n] =
∮
dω2
2πi
Resω1→ω2 (j
µ
m(ω1) j
ν
n(ω2))
= mδm,−nηµν (26)
1Note that here we have used the new normal ordering (18) for free open string, yet the commutation relations
(26) remain same (see [20]).
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At this stage, it should be noted that the above approach does not give the algebra among the
zero modes, i.e. the centre of mass variables [xµ, pν ] and [xµ, xν ] of the open string. However,
the results can be derived using standard techniques (as has been done in [18]) and read,
[xµ, pν ] = iηµν . (27)
The conjugate momenta Πµ =
1
2pi α′
X˙µ corresponding to Xµ can be calculated from the action
(1) which has a Lorentzian signature for the world-sheet. In order to make a transition to
Euclidean world-sheet, we make use of Wick rotation as before, by defining σ2 = iτ , so that
X˙µ = i∂X
µ
∂σ2
. The Πµ(σ1, σ2) can be recast as a function of ω and ω¯ using (15), so that its mode
expansion becomes:
Πµ(ω, ω¯) =
1
2π α′

2α′pµ + (α′
2
) 1
2 ∑
m6=0
αµm
(
ω−m + ω¯−m
) (28)
where we have made use of the mode expansion of Xµ(ω, ω¯) (24). The commutation relations
between Xµ(ω, ω¯) and Πν(ω′, ω¯′) are then obtained by using (26, 27) as,
[
Xµ(ω, ω¯),Πν(ω′, ω¯′)
]
= iηµν

 1
π
+
1
4π
∑
m6=0
(
ω−m + ω¯−m
) (
ω′m + ω¯′m
) . (29)
To obtain the usual equal time (i.e. τ = τ ′) commutation relation we first rewrite (29) in “z
frame” using (15) and then in terms of σ1, σ2 to find,
[
Xµ(σ1, σ2),Πν(σ1 ′, σ2 ′)
]
= iηµν

 1
π
+
1
π
∑
m6=0
exp−m(σ
2−σ2 ′) cos
(
mσ1
)
cos
(
mσ′ 1
) . (30)
Finally substituting τ = τ ′ i.e. σ2 = σ2 ′ and σ1 = σ we get back the usual equal time
commutation relation,
[
Xµ(τ, σ),Πν (τ, σ′)
]
= iηµν∆+
(
σ, σ′
)
(31)
where,
∆+
(
σ, σ′
)
=

 1
π
+
1
π
∑
m6=0
cos (mσ) cos
(
mσ′
) . (32)
It is easy to see that (31) is compatible with Neumann BCs and reproduces the result in [7, 16,
17, 18].
3.2 Open string in the constant B-field background
We now analyse the open string moving in presence of a background Neveu-Schwarz two form
field Bµν . To begin with, let us again consider the Laurent expansion of ∂X
µ(ω) and ∂¯Xµ(ω¯)
(23) for the case of closed string. But now the corresponding open string Laurent expansion is
obtained by imposing the BCs, given in (17) with Bµν 6= 0 consequently, the modes α and α˜
now satisfy:
αµm −B
µ
να
ν
m = α˜
µ
m +B
µ
να˜
ν
m. (33)
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So there exists only one set of independent modes γµm, which can be thought of as the modes of
free strings and is related to αµm and α˜
µ
m by:
αµm = (δ
µ
ν +B
µ
ν) γ
ν
m := [(1l +B)γ]
µ
m
α˜µm = (δ
µ
ν −B
µ
ν) γ
ν
m := [(1l−B)γ]
µ
m . (34)
Note that under world-sheet parity transformation αµm ↔ α˜
µ
m, as Bµν is a world-sheet pseudo-
scalar. Substituting (34) in (23), we obtain the following Laurent expansions for ∂Xµ and
∂¯Xµ:
∂Xµ(ω) = −i
(
α′
2
) 1
2
∞∑
m=−∞
[(1l +B)γ]µm
ωm+1
(35)
∂¯Xµ(ω¯) = −i
(
α′
2
) 1
2
∞∑
m=−∞
[(1l −B)γ]µm
ω¯m+1
.
Integrating the expansion (35) we obtain the mode expansion of Xµ(ω, ω¯) for the interacting
string:
Xµ(ω, ω¯) = xµ − iα′pµln|ω|2 − iα′Bµνp
ν (lnω − lnω¯)
+ i
(
α′
2
) 1
2 ∑
m6=0
[
γµm
m
(
ω−m + ω¯−m
)
+
1
m
Bµν γ
ν
m
(
ω−m − ω¯−m
)]
. (36)
Now the expressions (35) for open interacting strings can also be equivalently written as:
[(1l +B)γ]µm =
(
2
α′
) 1
2
∮
dω
2π
ωm∂Xµ(ω)
[(1l−B)γ]µm = −
(
2
α′
) 1
2
∮
dω¯
2π
ω¯m∂Xµ(ω¯). (37)
The commutation relation between γ’s can be obtained from the contour argument (using (37))
and the X X OPE (18):
[γµm, γ
ν
n] = mδm,−n
[(
1l−B2
)−1]µν
= mδm,−n
(
M−1
)µν
(38)
where, M = (1l − B2) ; (B2)µν = BµρB
ρν2. Once again the algebra among the zero modes i.e.
the centre of mass variables [xµ, pν ] and [xµ, xν ] of the open string cannot be obtained from the
above contour arguements. The results can be derived using standard techniques (as discussed
earlier) and read [18],
[xµ, pν ] = i
(
M−1
)µν
[xµ, xν ] = −2i α′π
(
M−1B
)µν
. (39)
Now proceeding as in the free case, the conjugate momentum Πµ(ω.ω¯) corresponding to (36) is:
Πµ(ω, ω¯) =
1
2πα′

2α′Mµρ pρ +
(
α′
2
) 1
2 ∑
m6=0
Mµρ γ
ρ
m
(
ω−m − ω¯−m
) . (40)
2Here we should note that (1l)µν = ηµν .
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The commutators among the canonical variables Xµ(ω, ω¯),Πν(ω, ω¯) can be computed by using
(38), (39),
[
Xµ(ω, ω¯),Πν(ω′, ω¯′)
]
= iηµν

 1
π
+
1
4π
∑
m6=0
(
ω−m + ω¯−m
) (
ω′m + ω¯′m
)
+
1
4π
∑
m6=0
Bµν
(
ω−m − ω¯−m
) (
ω′m + ω¯′m
) (41)
[
Xµ(ω, ω¯),Xν(ω′, ω¯′)
]
= α′
(
M−1
)µν (
ln|ω′|2 − ln|ω|2
)
− α′
(
M−1B
)µν (
ln
ω′
ω¯′
+ ln
ω
ω¯
+ 2i π
)
+
α′
2

∑
m6=0
1
m
[(
M−1
)µν (
ω−m + ω¯−m
) (
ω′m + ω¯′m
)
+BµρB
ν
σ
(
M−1
)µν (
ω−m − ω¯−m
) (
ω′m − ω¯′m
)
−
(
M−1B
)µν (
ω−m + ω¯−m
) (
ω′m − ω¯′m
)
+
(
M−1B
)µν (
ω−m + ω¯−m
) (
ω′m + ω¯′m
)])
[
Πµ(ω, ω¯),Πν(ω′, ω¯′)
]
= 0.
Now proceeding as before, we can rewrite the above commutation relation in σ1, σ2 coordinates
to obtain the following,
[
Xµ(σ1, σ2),Πν(σ1′, σ2′)
]
= iηµν

 1
π
+
1
π
∑
m6=0
exp−m(σ
2−σ2 ′)
[
cos
(
mσ1
)
cos
(
mσ′ 1
)
+Bµνsin
(
mσ1
)
cos
(
mσ′ 1
)])
(42)[
Xµ(σ1, σ2),Xν(σ1′, σ2′)
]
= 2α′
(
M−1
)µν (
σ2′ − σ2
)
+ 2iα′
(
M−1B
)µν (
σ1′ + σ1 − π
)
+2α′

∑
m6=0
1
m
e−m(σ
2−σ2′)
[(
M−1
)µν
cos(mσ1)cos(mσ1′)
+BµρB
ν
σ sin(mσ
1) sin(mσ1′)
+i
(
M−1B
)µν
sin
(
m(σ1 + σ1′)
)])
.
Finally we obtain the equal time commutation relations by identifying τ = τ ′, i.e. σ2 = σ2 ′ and
setting σ1 = σ,
[
Xµ(τ, σ),Πν(τ, σ′)
]
= iηµν∆+(σ, σ
′)
[
Xµ(τ, σ),Xν(τ, σ′)
]
= 2iα′
(
M−1B
)µν σ + σ′ − π + ∑
n 6=0
1
n
sin
(
n(σ + σ′)
) . (43)
One can explicitly check that these commutators are compatible with BCs and reproduces the
result in ([4, 5, 7, 14, 18]).
4 Conclusion
In this paper, we have used conformal field theory techniques to compute the commutator among
Fourier components which is unlike the method in ([18]), where the algebra among the Fourier
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components have been computed using the Faddeev-Jackiw symplectic formalism. This is then
used to obtain the commutator between the basic fields. The advantage of this approach is
that the results one obtains takes into account the quantum effects right from the beginning,
in contrary to the previous investigations, which were made essentially at the classical level
[4, 5, 7, 14, 18], so that the question of the existence of quantum effects, if any, can be addressed
immediately. For example, it has been checked that the new normal ordering, as proposed in
[21], which takes into account the BCs has no bearing on the central charge in case of free
bosonic string. Finally, we also computed the oscillator algebra in presence of the B field which
is a parity-odd field on the string world-sheet. Consequently in presence of this B field, the left
and right moving modes appearing in the Laurent series expansions of the (anti)holomorphic
fields ∂Xµ and ∂¯Xµ (23) of the closed string are no longer equal when open string BCs (17)
are imposed to obtain the corresponding Laurent expansions. These rather get related to the
free oscillator modes γµm (34) in a parity asymmetric way. Using these expressions of left and
right moving modes, we rewrite the (anti)holomorphic fields ∂Xµ and ∂¯Xµ entirely in terms of
the free oscillator modes γµm (35). Then a straight forward calculation, involving XX OPE and
contour arguement yields the NC commutator given in (43), thereby reproducing the results of
[4, 5, 7, 14, 18], even though we have made use of newly proposed normal ordering [21] which is
compatible with BCs.
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